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Abstract. We briefly review the standard derivation of the spectra of cosmological 
perturbations in the simplest models of inflation. We then consider models with several scalar 
fields, described by Lagrangians with an arbitrary dependence on the kinetic terms. We illustrate 
our general formalism with the case of multi-field DBI inflation. 



1. Introduction 

Inflation has now become a standard paradigm to describe the physics of the very early universe, 
and as cosmological data keep improving, one can hope to get more and more clues about the 
very early universe. So far, the simplest models of inflation are compatible with the data but 
it is instructive to study more refined models for at least two reasons. First, because models 
inspired by high energy physics are usually more complicated than the simplest phenomenological 
inflationary models. Second, because these generalized models will give us an idea of how much 
the future data will be able to pin down some specific region in parameter space. 

In the first part of this contribution, we present a brief summary of the standard approach 
to compute the cosmological perturbations in the simplest inflationary models. This summary 
is mainly based on the pedagogical introduction [T] where the reader will find more details. 

In the second part, we show how the standard results are modified when several scalar fields 
play a role during inflation. We present recent results for very general multi-field inflationary 
models, allowing for non-standard kinetic terms. This generalization is motivated by efforts to 
connect string theory and inflation and we focus our attention on multi-field DBI (Dirac-Born- 
Infeld) inflation. 

2. Standard single field inflation 

In this section, we consider the simplest inflationary models, which are based on a single scalar 
field (j> governed by an action of the form 

S = J d^x^g (—d^d^ - v(</>)\ , (l) 

where V(4>) is the potential for the scalar field. The corresponding energy-momentum tensor is 
given by 

Tp, = d^d v 4> - Qd^d^ + V(4>)\ . (2) 



In a FLRW (Friedmann-Lemaitre-Robertson- Walker) spacetime, with metric 

ds 2 = -dt 2 + a 2 (t)dx 2 , (3) 

the energy-momentum tensor reduces to the perfect fluid form with energy density and pressure 
given respectively by 

p = -T^ = ^ 2 + V^), p=ltf-V(<j>). (4) 
The equation of motion for the scalar field is 

4> + + V' = 0. (5) 
and the evolution of the scale factor is governed by Friedmann's equations 

r2 = + V{4)) ) ' H = ~^G4> 2 . (6) 

If the potential satisfies the so-called slow-roll conditions, 
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where mp = (87rG) -1 / 2 is the reduced Planck mass, the evolution can enter into a slow-roll 
inflationary regime where the kinetic energy of the scalar field in (|6|) and the acceleration <p in 
the Klein-Gordon equation ([5]) are negligible. 

In order to study the linear cosmological perturbations, one must perturb the matter, i.e. the 
scalar field, as well as the geometry, i.e. the metric. Restricting ourselves to scalar perturbations, 
the metric reads 

ds 2 = -(1 + 2A)dt 2 + 2a(t)diB dx l dt + a 2 (t) [(1 - 2V>)<% + 2d l d j E] dx l dx\ (8) 

where ip is directly related to the intrinsic curvature of constant time hypersurfaces, according 
to the relation 

m R = ±vV (9) 

a z 

The metric perturbations are modified in a change of coordinates. It is thus useful (although not 
necessary) to define gauge-invariant coordinates, such as the curvature perturbation on uniform 
energy hypersurfaces, 

-C^^ + -5p = ^--^— (10) 
P 3(p + p) 

or the comoving curvature perturbation, 

K = iP--^5q, (11) 

p + p 

where 5q is the scalar part of the momentum density (ST® = di5q). Using the linearized Einstein's 
equations, it can be shown that these two quantities are related via 
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V = ip + a*H(E-B/a). (13) 



The quantity £ is particularly interesting because it can be shown to be constant on large scales 
when the matter perturbations are adiabatic, i.e. when they satisfy 



SP nad = Sp-^Sp = 0. (14) 
P 

This property, which is well-known for linear perturbations, can be seen as the consequence of a 
more general result. Indeed, as shown in [21 [3], the conservation of the energy-momentum tensor 
for any perfect fluid, characterized by the energy density p, the pressure p and the four- velocity 
u a , leads to the exact relation 

t=£A — i^rt^*"-^)' (15) 

where we have defined 

a If 
Ca = V a a - -V a p, © = V a u a , a = - drQ, (16) 
p S J 

and where a dot on scalar quantities denotes a derivative along u a (e.g. p = u ai \J a p). This 
identity is valid for any spacetime geometry and does not rely on Einstein's equations. In 
the cosmological context, a can be interpreted as a non-linear generalization, according to an 
observer following the fluid, of the number of e-folds of the scale factor. Introducing an explicit 
coordinate system and linearizing (|15f) leads to the familiar result of the linear theory. 
During inflation, it is easier to work with the perturbation 1Z, since in this case 

TZ = tj} + ^6(j). (17) 

Because of the constraints arising from Einstein's equations, the scalar metric perturbations and 
the scalar field perturbation are not independent. In fact, there is only one degree of freedom 
which can be expressed in terms of the combination 

v = aU<f> + ^ip\ =aQ, (18) 

where Q represents the scalar field perturbation in the spatially flat gauge (where '0 = 0). The 
quadratic action governing the dynamics of this degree of freedom can be obtained from the 
expansion up to second order of the full action. One finds 
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where a prime denotes a derivative with respect to the conformal time r = J dt/a(t), and with 

z = a|, (20) 
To quantize this system, one considers v as a quantum field and one decomposes it as 

Hr, x) = — L_. / d 3 k {o^CrJe^ + h\v%{r)e^} , (21) 



where the a) and a are creation and annihilation operators , which satisfy the usual commutation 
rules 
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(22) 



The action implies that the conjugate momenta for v is v'. Therefore, the canonical quantization 
for v and its conjugate momentum leads to the condition 



Vkv' k * - v* k v' k = i . 



The complex function Wfc(r) satisfies the equation of motion 



v" + k 2 - — )v = 0. 



(23) 



(24) 



In the slow-roll limit, z" j z ~ 2/r 2 , and one can use the solution for a de Sitter spacetime (where 
H is constant). Note that this is only an approximation as the Hubble parameter is decreasing 
with time, but a very good one, when the slow-roll parameters are small, during the short time 
when the scale of interest crosses out the Hubble radius (A; ~ aH). Requiring that the solution 
on small scales behaves like the Minkowski vacuum selects the particular solution 
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where the normalization is imposed by the condition (I23p . This implies that the power spectrum 
of the scalar field fluctuations is given by 
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(26) 



where the quantities on the right hand side are evaluated at Hubble crossing. This can be 
translated into the power spectrum of the curvature perturbation 7Z, by noting that 1Z = aQ/z. 
One thus gets 
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(27) 



\k=aH 



In single- field inflation, since 7Z is conserved on large scales (as 1Z and £ coincide on large scales), 
the above expression, evaluated at Hubble crossing, determines the amplitude of the curvature 
perturbation just before the modes reenter the Hubble radius and thus sets the initial conditions 
for cosmological perturbations. 



3. Generalized multi-field inflation 

We now consider multi-field models, which can be described by an action of the form [1] 
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where P is an arbitrary function of N scalar fields and of the kinetic term 

X IJ = -iv M /W- 



(28) 



(29) 



The very general form (|28H can be seen as an extension of the Lagrangian of k-inflation [5] to 
the case of several scalar fields. 



A more restrictive class of models, considered in [6], consists of Lagrangians that depend 
on a global kinetic term X = GjjX ij where Gjj = Gjj{(j) K ) is an arbitrary metric on the 
^-dimensional field space. By defining P = X — V, one recovers in particular multi-field models 
with an action of the form 



S 



d 4 xV=g (-\Gu{<l>) dP^d^ - , (30) 



where in the simplest cases, one can take a flat metric in field space (Gjj = 5u), so that the 
kinetic terms are standard. 

The relations obtained in the previous section for the single field model can then be 
generalized. The energy-momentum tensor, derived from (|28p . is of the form 



TV = Pgr + P^jyd^^d"^ , (31) 

where P<u> denotes the partial derivative of P with respect to X IJ (symmetrized with respect 
to the indices I and J). The equations of motion for the scalar fields, which can be seen as 
generalized Klein-Gordon equations, are obtained from the variation of the action with respect 
to tfi. One finds 

V M fP</j>VV)+^/ = 0. (32) 



where Pj denotes the partial derivative of P with respect to (j) 1 . 

In a spatially flat FLRW (Friedmann-Lemaitre-Robertson- Walker) spacetime, with metric 

ds 2 = -dt 2 + a 2 (t)dx 2 , (33) 

the scalar fields are homogeneous, so that X IJ = (j) 1 cj) J /2, and the energy- momentum tensor 
reduces to that of a perfect fluid with energy density 

p = 2P <U> X IJ - P , (34) 

and pressure P. The evolution of the scale factor a(t) is governed by the Friedmann equations, 
which can be written in the form 

H 2 = \ (2P <IJ> X IJ - P) , H = -X IJ P <LJ> . (35) 
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The equations of motion for the scalar fields reduce to 

(P <u> + P</l>,<j^>0 L X ) ¥ + (3#P</j> + P<u>M K ) 4> J -Pi = 0, (36) 

where P<il> <jk> denotes the (symmetrized) second derivative of P with respect to X IL and 
X JK . 

The expansion up to second order in the linear perturbations of the action (|28[) is useful 
to obtain the classical equations of motion for the perturbations. It is also the starting point 
to calculate the spectra of the primordial perturbations generated from the vacuum quantum 
fluctuations of the scalar fields during inflation, as we have seen in the previous section for a 
single scalar field. Working for convenience with the scalar field perturbations Q 1 defined in the 
spatially flat gauge, the second order action can be written in the rather simple form |3j 

S {2) = \ J dt d 3 x a 3 [(P<u> + 2P<mj>,<ik>X mk ) Q 1 ^ - P^j^diQ'djQ- 7 (37) 

-M K lQ K Q L + 2n KI Q K Q I ] (38) 



where the mass matrix is 

Mkl = -Pkl + 3X MN P <NK> P <ML > + ^P<nl><P N [2P <u> ,kX ij - P K ] (39) 

- ^X MN P <NK> P <ML> [X IJ P <LJ> + 2P <IJ>:<AB> X IJ X AB ] (40) 

- U(P<*«> p <"> xAJ ) 

and the mixing matrix is 

2 

&KI = 4> P<IJ>,K — JjP<LK>2P<MJ>,<NI>X X . (42) 

A particularly interesting model of the form (|28p is the multi-field extension of DBI (Dirac- 
Born-Infeld) inflation [7], which arises when one considers the motion of a D-brane in a warped 
throat while taking into account a possible angular motion. As shown in [8], the corresponding 
Lagrangian is of the form 

P(X IJ , ^) = -j^{Vv-l)- V^ 1 ), (43) 

with 

V = 1 - 2fG u X IJ + Af 2 X l /xj ] - 8fX [ /xjX^ ] + 16fX 1 / XjX^X^ = 1 - 2fX (44) 

where the field indices are lowered by the field metric Gjj, which naturally comes from the 
higher-dimensional spacetime where the scalar fields (j> correspond to the coordinates of the 
D-brane. 

It is convenient to rewrite the Lagrangian (|43p as a function of X, introduced just above, 

P{X IJ ^ K ) = P(XA K ) = -y^T) (\A - 2fW)X - l) - V(^). (45) 

Note that X and X coincide in the homogeneous background. The situation is then very similar 
to Lagrangians of the form P = P(X, <f> ) where X = GijX ij ', studied in [6], and one can 
rewrite the second order action in terms of the covariant derivative T>j defined with respect to 
the field space metric G/j. This gives [8] 



Px WuVtQ'VtQ 1 - ^G IJ d l Q I d i Q J 



S {2 ) = ^Jdtd 3 xa 3 

-MuQ I Q J + 2P XJ </) / Q J AQ / J , (46) 

where we can substitute P yX = l/c a and P >X j = fjX/c 3 s . In (06]), we have introduced the time 
covariant derivative V>tQ, 1 = Q 1 + Tj K cj) J Q K where T"j K is the Christoffel symbol constructed 
from Gjj (and TZik lj will denote the corresponding Riemann tensor) . We have also introduced 
the effective speed of sound 

c s = y/1 - 2fX, (47) 

which corresponds to the propagation speed of linear perturbations, as well as the deformed field 
metric 

Gj =1/ +\e ie J , l/= (5/ - e/e J , (48) 
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where 



(49) 



is the unit vector along the inflationary trajectory in field space. Finally the effective squared 
mass matrix which appears above, and which differs from Mu in Eq. (I41|) . is 
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where one can substitute the explicit DBI Lagrangian. 

It is worth emphasizing that, for Lagrangians of the form P{X,(f) I ) : the second order action 
for the perturbations, given in [6], only differs by the coefficient in front of the spatial gradients, 
which is P^xGu (instead of P^xc 2 s Gu) and leads to a different propagation speed along the 
adiabatic and entropic directions. By contrast, the DBI Lagrangian (|43M44p gives the same 
propagation speed for all modes. 

We now illustrate the above formalism in the case where only two scalar fields are present. 
It is then useful to decompose the scalar field perturbations into adiabatic and entropic modes 
[9], namely 

Q 1 = Qae 1 + Q s el , (50) 
where the entropy vector el is the unit vector orthogonal to the adiabatic vector e 1 , i.e. 



Gueiei = 1 



Gije s e 



0. 



(51) 



As in standard inflation discussed in the previous section, it is more convenient, after going to 
conformal time r = J dt/a(t), to work in terms of the canonically normalized fields 
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(52) 



The second order action then becomes 



S ( 2) = \ J dr d 3 x{v' a 2 + v' s 2 - 2& a v s - c 2 s [{dv a ) 2 + (dv s ) 
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and where we have introduced the two background-dependent functions 

a& I ~ a& I ~ a 



HcJ 2 ' 



a = ay Px 



(53) 
(54) 

(55) 



The effective squared mass fi 2 can be computed from the mass matrix (|50p . 



The equations of motion derived from the action ([53]) can be written in the compact form 



vZ-U+(k 2 c 2 s -^v a -^v s = 0. (56) 

v » + & a +(k 2 c? s -^ + a 2 Av s - Z -iiv a = 0. (57) 

For simplicity, we assume that the coupling £ is very small when the scales of interest cross out 
the sound horizon, in which case one can quantize the two degrees of freedom independently and 
solve analytically the system. The amplification of the vacuum fluctuations at horizon crossing 
is possible only for very light degrees of freedom. Consequently, if fi 2 is larger than H 2 , this 
amplification is suppressed and there is no production of entropy modes. From now on, we 
assume that \fi 2 \/H 2 <C 1. 

Following the standard procedure outlined in the previous section, one selects the positive 
frequency solutions of Eqs. (|56p and (|57p . which correspond to the usual vacuum on very small 
scales: 

v^k-Vsk- -^=e~ ikCsT (l - . (58) 

\/2kc s \ kc s t J 

As a consequence, the power spectra for v a and v s after sound horizon crossing have the same 
amplitude 

k 3 , l2 H 2 a 2 , , 

^=^ = ^"''1 (59) 

However, in terms of the initial fields Q a and Q s , one finds, using (|52p . 

H 2 H 2 

(the subscript * indicates that the corresponding quantity is evaluated at sound horizon crossing 
kc s = aH) which shows that, for small c s , the entropic modes are amplified with respect to the 
adiabatic modes: 

Qs, ^ (61) 

C s 

In order to confront the predictions of inflationary models to cosmological observations, it is 
useful to rewrite the scalar field perturbations in terms of geometrical quantities. The comoving 
curvature perturbation is related to the adiabatic perturbation by the expression 



One thus recovers the usual single-field result [TO] that the power spectrum for 1Z at sound 
horizon crossing is given by 

k 3 \v ak \ 2 H A H 2 

n " ~ 2vr 2 z 2 ~ 4ir 2 a 2 ~ 8vr 2 ec s ' (63) 

where e = —H/H 2 . It is then convenient to define an entropy perturbation, which we denote 
5, such that its power spectrum at sound horizon crossing is the same as that of the curvature 
perturbation, 

S = c s —Q s , (64) 
a 



so that 

V s ,=V n ,=V,. (65) 

The power spectrum for the tensor modes is still governed by the transition at Hubble radius 
and its amplitude, given by 

/ 2H 2 \ 

Vr= -5- , (66) 

\ / k=aH 

is much smaller than the curvature amplitude in the small c s limit. 

Leaving aside the possibility that the entropy modes during inflation lead to primordial 
entropy fluctuations after inflation that could be directly detectable in the CMB fluctuations 
(potentially correlated with adiabatic modes as first discussed in |11|). we consider here only 
the influence of the entropy modes on the final curvature perturbation. In contrast with the 
single-field case, the curvature perturbation generally evolves on large scales in a multi-field 
scenario |12j (see also [JS] for a recent analysis with non-standard kinetic terms) , because of the 
entropy modes. This transfer from the entropic to the adiabatic modes depends on the details 
of the scenario and of the background trajectory in field space but it can be parametrized by 
a transfer coefficient which appears in the formal solution TZ = 1Z* + T^gS* of the evolution 
equations, which are of the form 

K » aHS S « PHS . (67) 

This implies in particular that the final curvature power-spectrum can be formally expressed as 

Vn = (l + Tl s )Vn t (68) 

It is sometimes useful to define the "transfer angle" (0 = if there is no transfer and |0| = tt/2 
if the final curvature perturbation is mostly of entropic origin) by 

sin© = TnS . (69) 
V 1 + T h 

The relation between the curvature power-spectrum at sound-horizon crossing and its observed 
value is thus 

Vn. = V n cos 2 Q (70) 
Using the tensor amplitude Eq. (|66|) . one finds that the tensor to scalar ratio is given by 

r = ^ = 16ec s cos 2 0. (71) 

y-R. 

Interestingly this expression combines the result of /c-inflation, where the ratio is suppressed by 
the sound speed c s , and that of standard multi-field inflation. 

It is also possible to compute the non-Gaussianities generated in these models [3 0] (see also 
|14j and PS]). For multi- field DBI inflation described by the Lagrangian (|43p . we find that the 
shape of non-Gaussianities is the same as in single-field DBI but their amplitude is affected by 
the transfer between the entropic and adiavatic modes. The contribution from the scalar field 
three-point functions to the coefficient /nl is given by 

f (3) - 35 1 1 - -^icos 2 © (72) 

This result is the consequence of the amplication of both the power spectrum and the three- 
point correlation function of 1Z by a factor (1 + T^ s ). Since Jnl is roughly the ratio of the 
three-point function with respect to the square of the power spectrum, this implies that Jml is 
reduced by the factor (1 + T%g). The effect of entropy modes is therefore potentially important 
in the perspective of confronting DBI models to future CMB observations. 



4. Conclusion 

In this contribution, we have presented a general analysis of cosmological perturbations in multi- 
field inflationary models, allowing for non standard kinetic terms. This approach generalizes 
much more restrictive situations considered previously in the literature and is motivated by 
recent constructions of inflationary models in the context of string theory, where multiple fields 
and non standard kinetic terms are very common, a typical example being DBI inflation. 

As we have tried to show, multi-field inflation is a very rich playground, where entropy modes 
can play a significant role. The most important consequence of entropy modes is the possibility 
to modify the curvature perturbation, on large scales, in contrast with single field inflation. 
This means that the adiabatic fluctuations, which we observe today in the CMB, could come 
originally from entropy perturbations produced during multi-field inflation. 
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